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Outline proposal for syllabus changes

At Cambridge we have been reviewing a number of our International AS and A
Level syllabuses, to ensure that they are up to date with current thinking and
continue to give learners world class preparation for higher education or
employment.

For our International AS and A Level Further Mathematics we have been
consulting teachers, examiners and colleagues in higher education. We are now
presenting our proposals in outline in this document and we would like to know
what you think of them.

We will be bringing out the revised version of the syllabus for first examination in
2017.
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Leamars studying Cambridgs Intsmationsl AS and A Levals have the opporiunitiss to:

= gCguirs an in-depth subjsct knowledge

= develop indspendsnt thinking skills

= gpply knowlsdge and undsrstanding to new as well as familiar situations

*  handle and svalusts different types of information sources

= think logically and pressnt orderad and cohsrent angurmenis

= miks judgements, recommendations and decisions

= present ressoned explanations, understand implicstions and communicats them cleary and logically
= work and commumicate in Emglish.

Guided leaming hours

Cambridgs Imtermational A Level syllsbussc are designed on the sssumption that candidstes heve sbout
360 guided lsaming hours per subjsct o g dyrstion of the course. Cambridgs Intsmational A% Lewvsl
syllabuses ars desgips out 120 guided lsaming hours par
subject o ber of howrs requited 1o gain
the g jor expanencs of the

For this qualification, learners are currently
expected to have previous knowledge of M1,
M2, S1 and S2. This is more than required
applied mathematics units for A level
Mathematics. Does this cause Further

Mathematics students any problem?

smpleyers gs proof of
ills, including:

= tha further develop

: TThe wse of applications of mathematics in the
context of evenyday situs

gr subjects that they may be studying
= the ability to anslyse prok f, recognising when and how a situation may bs representsd

miathamaticalby
= the use of mathematics as

= g solid foundation for furths

5 of communication

Prior learning

Knowiedgs of the syllsbus for Pure Methematics (units P1 and P3) in Mathematics 8708 is assumed for
Pspsr 1, and candidates may need to apphy such knowisdgs in answering guestions.

Knowededge of the syilsbus for Machanics units (M1
in Mathematics 9708 is assumsd for Papsr 2,
questions; hander quastions on thoss units

In this section we will introduce the subject
and set out key concepts which, if well
understood, will contribute to the mastery
of mathematics by learners. These may
include concepts such as problem solving,
mathematical modelling and mathematical
reasoning and proof. These key concepts
will be shared with A Level Mathematics.

Progression

Cambridgs Intemational A Lewsl Fu
hathematics or related coursss in high
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Key consultation questions for A Level Further Mathematics
There are a number of questions to consider for A level Further Mathematics.

We would like to consult which would be the best structure for Further Mathematics, in order to offer
centres more flexibility, the best course structure and a positive assessment experience.

There are three options for the structure of A Level Further Mathematics, and for each there are a
number of issues to consider. We would like your view on which of these options you prefer, bearing all
the issues in mind.

Should there be an AS Should the structure be split
gualification available in into four shorter papers?
Further Mathematics? If so,
which components should be
included?

Is the gap between applied content in 9709 and the applied content in 9231 a
barrier to learners?

Currently the expected knowledge for 9231 is the content of P1, P3, S1, S2, M1 and
M2. This content is more than what is required for any A level Mathematics
gualification, for which only two applied mathematics components are needed.

Should the assumed applied mathematics content for Further Mathematics be M1 and
S1 only, which would lead to some content in Further Mathematics overlapping with
M2 and S27?

Should the assumed applied mathematics content for Further Mathematics be M1,
M2, S1 and S2, as now? This is the “gap” situation described in the three different
structure options.
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What do these structures look like?

Structure 1 — current 9321 structure

Paper 1 — Pure Mathematics
50% of the A Level

Paper 2 — Applied Mathematics
50% of the A Level

Previous knowledge required: 9709 (P1, P3, M1, M2, S1 and S2)

Structure 2 — splitting the current content into four papers

Paper FP1 — Further Pure
Mathematics 1
25% of the A Level

Paper FP2 — Further Pure
Mathematics 2
25% of the A Level

Paper FM — Further Mechanics
25% of the A Level

Paper FS — Further Statistics
25% of the A Level

Previous knowledge required: 9709 (P1, P3, M1, M2, S1 and S2)

Structure 3 — splitting the current content into four papers

Paper FP1 — Further Pure
Mathematics 1
25% of the A Level

Paper FP2 — Further Pure
Mathematics 2
25% of the A Level

Paper FM — Further Mechanics
25% of the A Level
(Includes content from M2)

Paper FS — Further Statistics
25% of the A Level
(Includes content from S2)

Previous knowledge required: 9709 (P1, P3, M1 and S1)

In structure 3, a student who had studied only mechanics or
only statistics in 9709 (either M1 and M2 or S1 and S2)
would have some content in 9231 they had met before, but

would be required to catch up with the other applied
mathematics content.
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Structure Option 1

3. Assessment at a glance

Al candidstes take two papsrs.

Paper 1 3 hours

Thers are about 11 questions of differsnt marks and lengths on Pure Msthematics. Candidates

chould snewer all questions except for the final guastion worth 12-14 marks) which will offer two
altermativas, only ona of which must be ancwersd.

100 marks weighted at 30% of totsl

Paper 2 3 hours

Thers are 4 or 5 questions of differsnt marks and lengths on Mechanics (worth & totsl of 43 or

44 marks) followsed by 4 or 5 questions of different marks and lsngths on Stafistics (worth & total
of 42 or 44 marks) and one final question worth 12 or 14 marks. The finegl gquestion consists of teo
sltemativas, ome on Mechanics and one on Statistics.

Candidates should answer all questions except for the last question whers only ons of the
sitematives must be answarsd.

100 mrks weighted at 50% of totsl

Structure of 9231 Further Mathematics

The first option is to retain the structure as it is: two papers, equally weighted, one
covering Pure Mathematics and one covering Applied Mathematics.

This would allow one AS Level route, taking the Pure Paper only.

There would be a gap in applied mathematics content between 9709 and 9231.
There would be no optional questions on any of the papers.

There would be some changes to the content to make it more coherent.

Removing the optional questions from
the papers will ensure everyone has the

same assessment experience.
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Structure Option 2

Structure of 9231 Further Mathematics

The second option is to split the current content into four equally weighted
units. There would be two units of Further Pure Mathematics and two units of
applied mathematics: Further Mechanics and Further Statistics.

This would allow three AS level routes.

There would be a gap in applied mathematics content between 9709 and
9231.

There would be no optional questions on any of the papers.

There would be some changes to the content to make it more coherent.

Structure Option 3

Structure of 9231 Further Mathematics

The third option is to split the current structure into four equally weighted
units. There would be two units of Further Pure Mathematics and two units of
applied mathematics: Further Mechanics and Further Statistics.

This would allow there to be three AS level routes available.

The content for Further Mechanics and Further Statistics would extend the
content of Papers 5 and 7 of A Level Mathematics 9709. For this structure,
the assumed prior learning of applied mathematics content would be M1 and
S1.

There would no gap in applied mathematics content between 9709 and 9231.
There would need to be further consultation to decide what happens with
learners who have studied only mechanics or statistics in 9709.

There would be no optional questions on any of the papers.

There would be some changes to the content to make it more coherent.

Assessment at a Glance for these structures is on the next page.
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3. Assessment at a glance (Option 2 and Option 3)

AS Level Further Mathematics
All candidates take two papers.

There are about 6 questions of different There are about 6 questions of different
marks and lengths on Further Pure marks and lengths on Further Pure
Mathematics 1. Candidates should answer Mathematics 2. Candidates should answer all
all questions guestions
50 marks weighted at 50% of total 50 marks weighted at 50% of total

OR

There are about 6 questions of different There are about 6 questions of different
marks and lengths on Further Pure marks and lengths on Further Mechanics.
Mathematics 1. Candidates should answer Candidates should answer all questions
all questions

50 marks weighted at 50% of total
50 marks weighted at 50% of total
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OR

There are about 6 questions of different
marks and lengths on Further Pure
Mathematics 1. Candidates should answer
all questions

50 marks weighted at 50% of total

There are about 6 questions of different
marks and lengths on Further Statistics.
Candidates should answer all questions

50 marks weighted at 50% of total

A Level Further Mathematics
All candidates take four papers.

There are about 6 questions of different
marks and lengths on Further Pure
Mathematics 1. Candidates should answer
all questions

50 marks weighted at 50% of total

There are about 6 questions of different
marks and lengths on Further Pure
Mathematics 2. Candidates should answer all
guestions

50 marks weighted at 50% of total

There are about 6 questions of different
marks and lengths on Further Statistics.
Candidates should answer all
guestions

50 marks weighted at 50% of total

There are about 6 questions of different
marks and lengths on Further Mechanics.
Candidates should answer all questions

50 marks weighted at 50% of total

(o)
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Electronic Caleulators

Candidates should have a calculstor with standard “scientific” functions for uss in the examination. Graphic
calculstors will be permitted but candidstes olbtaining results solshy from graphic calculstors without
suppariing working o ressaning will not receive credit. Computers, and caloulstors capable of sigebraic
rmanipulation, are not permitted. All the regulations in the Cambridge Hanohook apply with the excsption
that, for examinstions on this sylisbus only, graphic caloulstors sre parmitied.

Mathematical Instruments
Apart from the usual methematical instruments, candidates may use flexicurves in this exeminstion.

Removing graphical calculators

The proposal is to allow scientific calculators only in the
examinations. This is to ensure all candidates have the same sort
of assessment experience. Graphical calculators could still be
used for teaching and learning activities.

Mathematical Motation
Aftention ic drewn o the list of mathemstical notstion &t the end of this booklet

Mathematical notation

The proposal is to consider removing any mathematical notation
that isn’t used in either 9709 or 9231.

Formula books

The proposal is combine the formula books for 9709 and 9231.
This will encourage progression for learners who study both

syllabuses.
Some formulae may be added to reflect any changes to the
content.
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4. Syllabus aims and assessment objectives

There are no plans to change

4.1 Syllabus aims the aims of the syllabus.

The aims for Advanced Level Mathematics 8708 apply, with spp

The aimsz are to enable candidstes o
= develop their mathematical knowledgs and skills in & way which sencourages confidencs and provides
satisfection and enjoyment

= develop an understanding of mathematical principles and an sppreciation of mathematics e a logical
and coherent subject

« goquire a rangs of mathematical skills, particularly thoss which will enable them to use applications of
misthematics in the context of everydsy situations and of other subijscts they may be studying

= develop the ability to analyse problems logically, recognize when and how a situstion may be
representsd mathematically, identify and interpret relevant factors and, whers neceszany, select an
approprists mathematical method o solve the problam

= yse mathematics &s & means of communication with emphasis on the use of clear exprassion
= gpoquire the mathematical background necessany for further study in this or related subjects.

4.2 Assessment objectives
The aszassment objectives for Advenced Level Mathematics 8700 spply, with appropgs

The abilitiss assessed in the sxaminstions cover & single srea; technigue with ;

examination will test the akility of candidates to: =l U= EEn!

text will help clarify
the Assessment

objectives. There is
no fundamental

change in meaning.

« understand relevent mathemstical concepts, terminology and notation

» recall socurstely snd use successfully approprists manipulstive technigue

* recogniss the sppropriste mathematical procedurs for s given situstion

« gpply combingtions of mathemstical skills and technigues in soiving preblem

= pracent mathemastical work, and communicate conclusions, im a dear and logica

Assessment objectives

The sub bullets in the assessment objective will be split into two separate assessment
objectives.
AO1 Knowledge and techniques

¢ Understand relevant mathematical concepts, terminology and notation

e Recall accurately and use successfully appropriate manipulative techniques
AO2 Mathematical problem —solving

¢ Recognise the appropriate mathematical procedure for a given situation

e Apply combinations of mathematical skills and techniques in solving problems

¢ Present mathematical work, and communicate conclusions, in a clear and logical

way.
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Syllabus content changes

There will be some changes to the current Further Pure content. How this content is arranged and
ordered will depend on which structure option is used.

The content of these two new units would be based on the existing 9231 content.

The two proposed units, FP1 and FP2, relate to structure options 2 and 3.

If structure option 1 is used, the same content changes are proposed but this would be presented and
assessed as a single paper.

The previous knowledge required will be clarified.

The mathematical content for each unit in the scheme is detailed below. The order in which
topics are listed is not intended to imply anything about the order in which they might be taught.

As well as demonstrating skill in the appropriate techniques, candidates will be expected to

apply their knowledge in the solution of problems. Individual questions set may involve ideas
and methods from more than one section of the relevant content list.

Proposed Further Pure Mathematics 1 content (FP1)

Further Pure Mathematics 1 content

About half of the existing Pure Mathematics content from A Level Further
Mathematics 9231 would be used to form the first pure unit, FP1. This unit would rely
upon the knowledge and understanding from the A Level Mathematics. This unit
would be compulsory for any AS Level course and the A Level course. There would
be no optional questions on this paper.

11
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Theme or topic ‘ Curriculum objectives

1. Paolynomials and rational
functions

12

This section will be

content better, and
more clarity regarding
graph sketching has
been included

renamed to reflect the

Candidates showld be sbis for

» recall and use the relstions between the roots and
cosfficients of polynomial equations, for squations of
dagres 2, 3, 4 only;

* use & given simple substitution to obtain an equation
whosae roots are releted in a simple way to thoss of the
ariginal equstion;

* chetch graphs of simple retional functions, including the
determination of obliqus asymptotes, in cases whers
the degres of the numesrstor and the denomingtor sne at
rmizst 2 (detsiled plotting of curves will not be requirsd,
but sketches will gensrally be sxpacted to show
cignificant festurss, such as tuming points, asymptotes
and intsrsections with the axsc).

1. Algebraand .
graphs

recall and use the relations between the roots and coefficients of
polynomial equations, for equations of degree 2, 3, 4 only;

use a substitution to obtain an equation whose roots are related in a
simple way to those of the original equation;

use the standard results for >r, Xr 2, »r 3 to find related sums;

use the method of differences to obtain the sum of a finite series, e.g.
by expressing the general term in partial fractions;

recognise, by direct consideration of a sum to n terms, when a series
is convergent, and find the sum to infinity in such cases;

sketch graphs of simple rational functions, including the determination
of oblique asymptotes, in cases where the degree of the numerator
and the denominator are at most 2 (detailed plotting of curves will not
be required, but sketches will generally be expected to show
significant features, such as turning points, asymptotes and
intersections with the axes; determination of the set of values taken
by the function, e.g. by the use of a discriminant, is included).
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2. Polar coordinates = understand the rslations betwesn cartasian and polar
coordingtes (using the convention r= 0], and comvert
aquations of curves from cartesian to polar form and
VICS VBrsa;

» chetch simple polar curves, forQ < 8< 2zor-x<f=x
or & subsst of sither of thess intenvals (detailed plotting
of curves will not be reguired, but sketchses will
generally be expected to show significant festures, such
a5 symmetry, the form of the curve at the pole and
lsact/greatesct valuss of r);

= rgcall the formuls '? J-I'fr’ e fior the area of 2 sector, and

use this formula in simple cases.

No changes to section 2
There are no changes proposed to the content of this section.

13
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3. Summation of series
* usethe standsrd results for 3 r 377, ¥ r tofind

related sums:

* use the method of differences to obtain the sum of
& finite seres, 8.9. by expressing the ganersl termiin
partial fractions;

* recognisse, by drect considerstion of a sum to n terms,
when a series is convergent, and find the sum to infinity
in such cases.

4. Mathematical induction * use the method of mathematical induction fo sstablish &
given result [questions set may involve divisibility tests
and insqualities, for sxampls);

* recogniss situstions whers conjecture based on & imited
tnal folloved by inductive proof is & useful strategy, and
carmy this out in simple cases, e.g. ind the nth derivetive
of ¥

Section 3 has been moved to Section 1. Section 4 is moved to FP2 content
The content of Section 3 has been included in the new Section 1 content. The
content of Section 4, if Structures 2 or 3 are used, would be moved to FP2.

Please see the FP2 content for details.

14
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5. Differentiation and dy
intagration = gbtain an expression ﬁ:rE in cases whers the ralation
betwesn y and x is defined implicithy or parametricalby;

* derive and uss reduction formulss for the svalustion of
definits integrals in simpls cases;

* uss integration to find:

o mean values and centroids of two- and thres-
dimensional figures (whars sguations ars
suprassed in cartesian coordinates, including the
use of & paremeter), using strips, dscs or shells as
BOprOprats,

o arc lengths (for curves with equations in cartesian
coordingtes, including the use of & paramater, or in
polar coordinstas),

o surface arsas of revolution about one of the axss
ifor curves with equations in cartesian coordinates,
including the use of & persmetsr, but not for curves
with equations in polar coordinates).

Moved to FP2 content

The content of this section would be included in FP2 if structure options 2 or 3 are
used with some amendments to this content.

Please see the FP2 content for details.

15
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6. Differential equations

First order differential
eguations has been
inserted to give a
more comprehensive
approach to
differential equations

# recall the meaning of the tsrms ‘comiplemantary
fumction” and "particular integral” in the context of
inear differential equations, and recall thet the geners
solution is the sum of the complementany function and &
particular integral;

= find tha complamentary function for & second order
inssr differsntial squation with constant cosfficismnts;

» racall the form of, and find, & particular intsgral for &
second order inear differential equation in the casss
where a polynomial or & or 5 cos px+ bsin pxis
& suitsble form, and in other simple casss find the
appropriate cosfficient(s) given & suitable form of
particular integral;

* Uz & substitution to reduce & given differantis| equation
to & sacond order linesr equation with constant
coafficients;

»  useinitisl conditions to find & particular solution toa
differential equation, and imerpret a solution in terms of
& problem modelled by & differsntial egustion.

3. Differential
equations

find an integrating factor for a first order linear differential
equation, and use an integrating factor to find the general solution;

recall the meaning of the terms ‘complementary function’ and ‘particular
integral’ in the context of linear differential equations, and recall that the
general solution is the sum of the complementary function and a
particular integral;

find the complementary function for a first or second order linear
differential equation with constant coefficients;

recall the form of, and find, a particular integral for a first or second
order linear differential equation in the cases where a polynomial or ae™
or a cos px + b sin px is a suitable form, and in other simple cases find
the appropriate coefficient(s) given a suitable form of particular integral;

use a given substitution to reduce a differential equation to a first or
second order linear equation with constant coefficients or to a first
order equation with separable variables;

use initial conditions to find a particular solution to a differential
equation, and interpret a solution in terms of a problem modelled by a
differential equation.




7. Complex numbers

undarstend ds hMoivra's theonsm, for 8 positive

integral exponant, in terms of the geometrical effect of

multiplication of complex numbers;

prove de Maivre's theorem for 8 positive integrsl

SEpONENT;

usa de Moivre's theoram for positive integral sxponsmt

to express frigonomstrical ratios of multiple angles

in terms of powers of trigonometrical ratios of the

fundarmental amgle;

usa de Moivre's theorsm, for a positive or negstive

retional sxponent:

o inexpressing powsrs of sin @ and cos & in terms of
muliipls angles,

o inthe summation of serss,

o infinding and using the mth roots of unity.

Moved to FP2 content

The content of this section would be included in FP2 if structure options 2 or 3
are used. Please see the FP2 content for details.

Cambridge International AS and A Level Further Mathematics 9231

17
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8. Vectors

use the equation of & plane in amy of the forms

ax+by+czmdorrn=porr=a+ib+ pe and convert

egustions of planes from one form to another as
necessary in sohing problems;

recall that the wector product a = b of two veciors can

be expresced aither ac |a| Jb| sin @0, whera fiis & unit

wactor, or in component fom as

|3:b:| - 'i':ut'::I i+ |3:'b| - Ii'lj:':J i+ I:alb'.' _EEDI] k:

use egustions of lines and planas, togethar with

cralar snd vector products where sppropriats, 1o

cobes problems conceming distances, angles and

intersactions, including:

n detarmining whethser a lina lies in & plans, is paralls!
to & plane or intersects & plans, and finding the point
of intersaction of & line and a plane when it axists,

r finding the perpendicular distance from & pointto &
plars,

r fimding the angls bstwesn a lins and & plans, and the
angls betwesn two planss,

r finding &n equation for the lins of intersection of two
planss,

r calkulsting the shortest distance betesan two skew
limes,

r fimding an equation for the common parpsndicular to
v skew linas.

Moved to FP2 content

The content of this section would be included in FP2 if structure options 2 or 3
are used. Please see the FP2 content for details.

If the vector content in A Level Mathematics 9709 is updated, any changes

would be followed through in 9231.
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9. Matrices and linear spaces = recall and usa the axioms of a linesr (vector) space
[rectricted to speces of finite dimension over the fisld of
real numbsrs onbyl;

* undgrstand the idea of linssr independsncs, and
detarmine whesther a given set of veciors is depsndsnt
or indespendsnt;

= understand the idea of the subspecs spanned by a given
et of vectors;

* recall that a basis for & space is a linsarly indspendant
cat of wactors that spans the space, and determins a
basic in simiple cases;

= racall that the dimension of a space is the numbsr of
wactors in & basis;

# understand the use of matricss to repressnt linssr
transformations from B" = R™;

= undserstand the tarms ‘column spacs’, ‘row space’,
‘range spece’ and ‘nul space’, and determins the
dimensions of, and bases for, thess spaces in simpls
CETET;

+ detarming the rank of a squars matr;, and usse [without
proof) the relation betwesn the rank, the dimension of
the null spaces and the order of the matrix;

= use methods associsted with matrices and linsar spaces
in the context of the solution of & set of linear equations;

= gvalusts the determinant of & squars matrix and find the
inverse of @ non-singular mainx (2 = 2 and 3 = 3 matrices
onby), and recsll that the columns (or rows) of 8 squars
matrix are indspsndsnt if and onby if the dsteminant is
MCN-D8 D

= undsrstand the tarms ‘sigenvelus’ and 'sigenvector’, as
spplisd to square mstrices;

= find sigenvaluss and sigenvectors of 2= Zand 3x 3
matrices (restricted 1o cases whers the sigenvaluss are

real and distinc);
* @xprecs & matrix in the form QDA™ whers D iz &
Matri i whoss
atrices L cion.

The proposed change to this content follows on the next page. The
section would be renamed Matrices. The content would be reduced
to improve the progression from matrix work studied previously.
Please see the next page for details.

19
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4. Matrices e carry out operations of matrix addition, subtraction and multiplication,
and recognise the terms null (or zero) matrix and identity (or unit)
matrix;

e recall the meaning of the terms ‘singular’ and ‘non-singular’ as applied
to square matrices and, for 2 x 2 and 3 x 3 matrices, evaluate
determinants and find inverses of non-singular matrices (the notation
det M for the determinant of matrix M is included);

e understand and use the result, for non-singular matrices, that
(AB) '=B'A™;

e understand the use of 2 x 2 matrices to represent certain geometric
transformations in the x-y plane, and in particular:

o recognise that the matrix product AB represents the transformation
that results from the transformation represented by B followed by
the transformation represented by A,

o recall how the area scale factor of a transformation is related to the
determinant of the corresponding matrix,

o find the matrix that represents a given transformation or sequence
of transformations (understanding of the terms ‘rotation’,
‘reflection’, ‘enlargement’, ‘stretch’ and ‘shear’ will be required);

o formulate a problem involving the solution of 2 linear simultaneous
equations in 2 unknowns, or 3 equations in 3 unknowns, as a problem
involving the solution of a matrix equation, or vice versa;

e understand the cases that may arise concerning the consistency or
inconsistency of 2 or 3 linear simultaneous equations, relate them to
the singularity or otherwise of the corresponding square matrix, solve
consistent systems, and interpret geometrically in terms of lines or
planes;

e understand the terms ‘eigenvalue’ and ‘eigenvector’, as applied to
square matrices;

o find eigenvalues and eigenvectors of 2 x 2 and 3 x 3 matrices
(restricted to cases where the eigenvalues are real and distinct);

e express a matrix in the form QDQ'l, where D is a diagonal matrix of
eigenvalues and Q is a matrix whose columns are eigenvectors, and
use this expression, e.g. in calculating powers of matrices.

This content has been amended to focus on
the geometric and algebraic applications of
matrices to represent transformations and
solve equations. Eigenvalues and
eigenvectors have been retained.

20
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Proposed Further Pure 2 content (FP2)

Further Pure Mathematics 2 content

The remaining pure content from 9231 would be used to form a second unit, FP2. This unit
would build upon upon the knowledge and understanding learnt in FP1. This unit would be
compulsory for the A Level course and an option for the AS Level course. There would be

no optional questions on this paper.

3. Summation of series

* usethe standard results for 3 r, 3, ¥ ' tofind
related sums;

* use the method of differences to obtain the sum of
& finite seriss, 8.9, by expressing the gansrs! termin
partial fractions;

* recognise, by dmect considerstion of a sum to n terms,
when a saries is convergent, and find the sum to infinity
in such cases.

4. Mathematical induction

could be set.

The content of Section 3
has become part of the
new Section 1 in FP1.
Section 4 becomes the
new Section 1 of FP2,
with minor amendments
to clarify the types of
induction problems that

* use the method of mathematical induction to ectablish &
given result [questions sst may involve divisibility tests
and insguslities, for sxampls);

*  recognica situations whers conjecturs based on & imted
trial followsed by inductive proof is & useful strategy, and

\ carmy this out in simple cases, &.g. find the nth derivetive

of x8".

1. Mathematical o
induction

use the method of mathematical induction to establish a given result
(questions set will not be restricted to any particular topics and may
involve sums of finite series, forms for the general term of a sequence,
powers of matrices, divisibility tests and inequalities, for example);
recognise situations where conjecture based on a limited trial followed

by inductive proof is a useful strategy, and carry this out in simple
cases, e.g. find the nth derivative of xe*.
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7. Complex numbers

* undersiend ds Maivre's theonsm, for & positive
integral exponant, in terms of the geometrical effect of
multiplication of complex numbers;
= prove de Movre's theorem for a positive integrs
SEPONENT;
* uzade Moivre's theorsm for positive integral sxponsmt
to sxpress frigonomstrical ratios of multipls angles
in terms of powers of trigonometrical retios of the
fundamental amgle;
= usaede Moivre's theorsm, for a positive or negstie
retionsl sxponsnt:
in sxpressing powers of sin @ and cos & in terms of
multipls angles,
in the summstion of serss,

in finding and using the mth roots of unity.

2. Complex
numbers

understand de Moivre’s theorem, for a positive and negative integer
exponent, in terms of the geometrical effect of multiplication and
division of complex numbers;

prove de Moivre’s theorem for a positive integer exponent;

use de Moivre’s theorem to express trigonometrical ratios of multiple
angles in terms of powers of trigonometrical ratios of the fundamental
angle;

use de Moivre’s theorem:

o in expressing powers of sin & and cos & in terms of multiple angles,
o in the summation of series,

o in finding and using the nth roots of unity.

22

The content of this section has been
amended to include negative integer
exponents and the geometrical effect
when dividing complex numbers. This
improves the coherence of the
content.
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5. Differentiation and i
integration

= obtain an expression :I}-d_r* in cases whers the relation
X

betwesn y and x is defined implicithy or parametricalby;
* derive and use reduction formulss for the eveluation of
definits integrals in simpls cases;

The content of this section
has been amended to include
inverse trigopnometrical
functions, Maclaurin’s Series,
and mean values and content
on centroids has been
removed. The expectation
that learners should be able
to apply their knowledge of
integration from A Level
Mathematics to more
complex problems is now
clear.

This improves the breadth of
the content and improves
progression for further study.

use integration to find:

mean valuss and centroids of two- and three-
dimensional figures (whars sguations ars
euprassed in cartesian coordingtes, incuding the
use of & paremeter), using strips, dscs or shells as
BOprOprats,

arc lengths (for curves with squations in cartssian
coordingtes, including the use of & paramater, or in
polar coordinstes)

surface areas of revalution about one of the sxes
ifor curves with equations in cartesian coordinates
including the use of & persmetsr, but not for curves
with equations in polar coordinates).

3. Differentiation . derive and use the derivatives of inverse trigonometric functions;
and integration 1
. integrate ———— and and use trigonometric substitutions
Ja? - x2 a? +x?
to integrate associated functions (the substitution t = tan%x is
included);
. derive and use the first few terms of Maclaurin’s series for a function
(derivation of a general term is not required).
. derive and use reduction formulae for the evaluation of definite
integrals in simple cases;
. use integration to find:

o arc lengths (for curves with equations in cartesian coordinates,
including the use of a parameter, or in polar coordinates),

o surface areas of revolution about one of the axes (for curves with
equations in cartesian coordinates, including the use of a
parameter, but not for curves with equations in polar coordinates).

The ability to apply integration techniques introduced in A level Mathematics

to more complex problems is expected and will be required by the
assessment.
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New content on Hyperbolic Functions

A new section on Hyperbolic functions is proposed. This will improve the breadth of
the content, allow more coherent connections to be made across the content and
improve progression to further study.

4. Hyperbolic
functions

understand the definitions of the hyperbolic functions sinh x, cosh x,
tanh x, sech x, cosech x and coth x in terms of the exponential function;
sketch the graphs of hyperbolic functions;

use identities involving hyperbolic functions;

differentiate and integrate hyperbolic functions;

understand and use the definitions of the inverse hyperbolic functions
and derive and use their logarithmic forms and their derivatives;

1

1
recognise integrals of functions of the form ———— and ————,
X +a X< —a

and integrate associated functions using hyperbolic substitutions.
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8. Vectors * usethe equation of a plana in any of the forms
ax+by+czmdorrn=porr=a+ib+ pe and convert
equstions of planss from one form to another &5
necessary in sohing problems;

= recall that the wector product a = b of two veciors can
be expressed sither as |a| Jb| sin @0, whera fis & unit
wactor, or in component fom as

(5,6, —abli+lab —ab)j+iab —ab)k

* useeguations of lines and planes, together with

cralar snd vector products where sppropriats, 1o

cobes problems conceming distances, angles and

intersections, including:

n detarmining whethser a lina lies in & plans, is paralls!
to & plane or intersects & plans, and finding the point
of intersection of & lime and a plama when it exists,

r finding the perpendicular distance from & pointto &
plans,

r finding the angls bstwesn & ling and 8 plans, and the
angls betwesn two planss,

r finding an sguation for the line of intersection of two
planss,

r calkulsting the shortest distance betesan two skew
limes,

r fimding an equation for the common parpsndicular to
o shew lines.

Vectors

This section will be revised to remove explicit overlap with the vector content of A Level
Mathematics, though harder problems involving lines and planes would be required. Use
of the scalar triple product will be added to the content.

5. Vectors

X-a_ y-b z-c
q
equation of a plane in the form r =a+ Ab + xc, and convert equations

of lines and planes between different forms, as required in solving
problems;

calculate the shortest distance between two skew lines,

use the equations of a line in the form and the

find an equation for the common perpendicular to two skew lines;

calculate the scalar triple product and use it to find the volume of a
parallelepiped or a tetrahedron.
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Further Applied Mathematics units

If structure 1 option is used

The applied mathematics content would continue to be assessed in a 3 hour paper which
contributed 50% to the final grade.

The existing mechanics and statistics content would form the basis of Paper 2. Changes
would be incorporated to follow through from any changes to the applied mathematics content
in A Level Mathematics.

These potential changes are outlined in the sections below.

The optional question would be removed.

If structure 2 option is used

The applied mathematics content would be assessed in two papers, Further Mechanics and
Further Statistics.

The existing mechanics and statistics content would form the basis of these papers. Changes
would be incorporated to follow through from any changes to the applied mathematics content
in A Level Mathematics.

These potential changes are outlined in the sections below.

The optional question would be removed.

If structure 3 option is used

The applied mathematics content would be assessed in two papers, Further Mechanics and
Further Statistics.

Mechanics and statistics content would be introduced from Papers 5 and 7 of the A Level to
form two new units.

Changes would be incorporated to follow through from any changes to the applied
mathematics content in A Level Mathematics.

The optional question would be removed.

These potential changes are not outlined below. We would consult separately on these
changes if this consultation supports Option 3.

26



Cambridge International AS and A Level Further Mathematics 9231
Further Mechanics (FM)
Previous knowledge

The statement regarding previous knowledge would be clarified.

Unit FM: Further Mechanics (Paper 3)

Knowledge of the content of units M1 and M2 of Mathematics 9709 is assumed, and
candidates may be required to demonstrate such knowledge in answering questions.
Knowledge of any relevant pure mathematics in unit FP1 (or preceding units) may also be
required.
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5.2 Paper z

Knowiedgs of the syllsbuses for Mechanics (units M1 amd M2} and Probability and Stetistics {units 51
and 2} in Mathermatics 8708 is assumed. Candidates may need to spphy such kmowdedge in answearimg
questions: harder guestions on those units Mgy also be set.

Theme or topic Curriculum objectives.

Candidates showd be able fo-

MECHAMICS |Sections 1 to &)}

1. Momembtum and impulse =  recall and uss the definition of linsar momentum, and
showy understanding of its wecior meture (in one dimension
onlyl:

= recall Mewton's exparimental lew and the definition of

the coefficient of restitution, the property 0 = & = 1, and
e meaning of the termms ‘perfecthy slastic” (e = 1) and
inslastic’ (e = 0;

= uss conssrvation of limear momentum andfor MNewton's

Momentum and Impulse
Most of this content will
move into 9709. This would

lead to more advanced experimental law to solve problems that may be modellad
topics being set in 9231. as the direct impact of two smooth spheres or the direct
The content below would be or obligus impact of & smooth sphens with a fixed surfecs;
inserted. = recall and use the defimition of the impulss of a constant

force, and relats the impulss acting on & partics to the
change of momenturn of the particle {in ome dimension

onibyl.
_1. Momentum and e understand the vector nature of impulse and momentum for motion in
impulse two dimensions;

e solve problems that may be modelled as the oblique impact ot two
smooth spheres or the oblique impact of a smooth sphere with a fixed
surface (the appropriate use of Newton’s experimental law is
included).
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2. Circular motion

recall and uss the radial and transverss componsnts of
acceleration for & particle moving in & circls with variabls
spesd;

sobve problsms which can bs modslled by the motion of a
particla in & wertical circle without loss of snengy limcluding
finding the tension ina string or a nomnal contsct foros,
locatimg points at which these are zerc. snd conditions for
complete circular motion).

No changes to section 2

There are no changes proposed to the content of this section.
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3. Equilibrium of a rigid body
under coplanar forces

Section 3

The content in this section would
be refined down to prevent explicit
overlap with the content of A level
Mathematics. There would be a
slight change to the title of this
section. These changes are
shown below.

understand and uss the result that the effect of gravity
on a rigid body is equivalent to & single force acting at
the camire of mass of the body, and identify the centre of
mass by comsiderations of symimetry im suitsble cases;
calculete the moment of a force abowt & point in 2
dimensional situstions only (umderstanding of the wector
naturs of Moments is not reguinsd);

recall thet if & rigid body is ineguilibriumn wundsr the ection
of coplanar forces then the vector sum of the forces is
zem and the sum of the moments of the foroes about amy
point is zero, and the converse of this;

uss Mewiton's third lew in situstions involving the contsct
of rigid bodies in equilibriurmg

soive problems imsohving the equilibrium of rigid bodies
under the action of coplanar forcss (problems set will mot

30

coplanar forces

imvohe complicated trigonomstry].
3. Equilibrium of e use Newton’s third law in situations involving the contact of rigid
rigid bodies under bodies in equilibrium;

e solve problems involving the equilibrium of rigid bodies under the
action of coplanar forces (problems set will not involve complicated
trigonometry).
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4. Rotation of a rigid body = understand and use the definition of the momeant of inertia
of a E,-Etarﬂnfparﬁclagahmﬂaﬁmdmhﬁz”fand

e additive propsrty of moment of inerta for a rigid body
cormposed of seversl parts (the wuss of integration to find
miomants of inertia will not be requirsd);

= uss the parallsl and perpendicular exss theorems (procfs
of these theorems will mot be reguirsd);

» recall and uss the eguation of angulsr motion © = /& for
thie motion of a rigid body about & fixed axis (simpls cases
only, whara the moment £ arises from constamt forces
such s weights or the tension in a string wrapped arcund
e circumference of a fhrwhesl, knowdedgse of couples is
not included and problems will mot ireolve consideration or
calculstion of forces acting &t the sxs of rotstion);

» recall and uss the formula + e’ for the kinetic ensrgy of &
rigid body rotsting about & fixed axis;
= use conssryation of emergy in solving problems conceming

miechanical systems where rotastion of & rigid body sbout &
fixed axis is imvohed.

No changes to section 4
There are no changes proposed to the content of this section.
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32

. Simple harmonic motion

recall & definition of SHM and understand the concepts of
period and amplitude;

uss standard SHM formulae in the course of solving
problems;

sat up the differential equation of maotion in problems
lsading to SHM, recall and uss appropriste forms of
solution, and identify the period and amplituds of the
maotion;

recognise situstions whers an exact squation of mation
miay be approvimated by an SHM squation, camy out
necessary spproximations (e.9. small angle spprodimations
or binomial approximations) and appraciate the conditions
necessary for such approximations to be useful.

No changes to section 5

There are no changes proposed to the content of this section.




Cambridge International AS and A Level Further Mathematics 9231

Further Statistics (FS)
Previous knowledge

The statement regarding previous knowledge would be clarified.

Unit FS: Further Probability and Statistics (Paper 4)

Knowledge of the content of units S1 and S2 of Mathematics 9709 is assumed, and
candidates may be required to demonstrate such knowledge in answering questions.
Knowledge of any relevant pure mathematics in unit FP1 (or preceding units) may also be
required.
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STATISTICS [Sections & to 9]

6. Further work on
distributions

*  uss the definition of the distribution function as a
probability to deducs the form of a distribution function in
simple cases, 8.g. to find the distribution function for ¥,
whare Y = X" and X has & given distribution;

+ understand condiions under which & geometric
distribution or negative exponantisl distribution may be &
suitable probsbility modsl;

= recall and use the formula for the calculation of geometric
o megative exponential probsbilites;

+ recall and uss the means and varisnces of a geomestric
distribution and negative exponentisl dstribution.

Clarification of this section

The content in this section will be updated to reflect the changes that have been made
in A Level Mathematics. This section will focus on continuous random variables,
probability density functions and cumulative distribution functions. Geometric
distributions will be included in A Level Mathematics.

6. Further work K
on continuous
random variables

use a probability density function which may be defined piecewise;

use the general result E g(X) = If(X)g(X) dx where f(x) is the

probability density function of the continuous random variable X, and
g(X) is a function of X;

understand and use the relationship between the probability density
function and the cumulative distribution function, and use either to
evaluate probabilities or percentiles;

use cumulative distribution functions of related variables in simple
cases, e.g. given the c.d.f. of a variable X, to find the c.d.f. and hence
the p.d.f. of Y, where Y = X3

solve problems in which the negative exponential distribution is a
suitable probability model, and recall and use the mean and variance of
the negative exponential distribution.




1. Inference using normal
and #distributions

formulate hypotheses and apply a hypothesis test
concaming the populstion mesn using a small sampls
drawwn from a nommal population of umkmown variancs,
using & test;

celculste & pocled estimate of & population varancs
from two samples (calculstions based on aither raw or
surmmarnised data may be requirsd);

formulsts hypotheses concerning the difference of
population mesans, and apply, as spproprists:

o & Z-zampls #est,

o 3 paired sample Hest,

o atest using 8 normal distribution,

ithe ability to selact the test approprists to the
circurmnstances of a problem is sxpected);

distermine a confidance interval for & populstion mesn,
basad on a small sampls from & normal populstion with
unkmdnwm warancs, using & tdistribution;

determing a confidsnce intarval for 8 dffersnce of
population mesans, using a kdistribution, or a normal
distribution, as appropriate.

No changes to section 7, 8 or 9.

There are no changes proposed to the content of these sections.
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Probability generating functions
This topic would be added to the content of Further Statistics.

8. Probability
generating
functions

understand the concept of a probability generating function and
construct and use the probability generating function for given
distributions (including the discrete uniform, binomial, geometric and
Poisson distributions);

use formulae for the mean and variance of a discrete random variable
in terms of its probability generating function, and use these formulae to
calculate the mean and variance of probability distributions;

use the result that the probability generating function of the sum of
independent random variables is the product of the probability
generating functions of those random variables.
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7. Mathematical notation

Examinations for the syllabus in this booklet may use relevant notation from the following list.

1 Set notation
=
=
X X )
e
n(4)

is an elern
Is not an
the setw
the seto
the numik

Mathematical notation

The notation could be refined down
to remove any notation that is not
relevant for A Level Further
Mathematics

the empty set

the universal set

the complement of the set 4

the set of natural numbers, {1. 2. 3. ...}
the set of integers, {0. 1. =2, =3, ...}
the set of positive integers, {1.2.3. ...}

the set of integers modulon. {0, 1.2, ...n— 1}

the set of rational numbers, {‘g cpel.qeld’}

the set of positive rational numbers, {x e @ : x>0}
set of positive rational numbers and zero, {x € Q@ : x = 0}

the set of real numbers

the set of positive real numbers, {x e R: x>0}

the set of positive real numbers and zero, {x € R : x = 0}

the set of complex numbers
the ordered pair x. v

the cartesian product aof sets 4 and B, ie A = B={(a.b):ac d. b e B}

is a subset of
Is & proper subset of

union

intersection

the closed interval (x e R :a <x < b}
the interval {x e R:a<x<b}

the interval {x e R :a <x < b}

the openinterval {x e R:a<x<b}
v is related to x by the relation R

v is equivalent to x, in the context of some equivalence relation
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